We reconstruct the whole family of self-adjoint Hamiltonians of Ter-MartirosyanSkornyakov type for a system of two identical fermions coupled with a third particle of different nature through an interaction of zero range. We proceed through an operator-theoretic approach based on the self-adjoint extension theory of Kreȋn, Višik, and Birman. We identify the explicit 'Kreȋn-Višik-Birman extension parameter' as an operator on the 'space of charges' for this model (the 'Kreȋn space') and we come to formulate a sharp conjecture on the dimensionality of its kernel. Based on our conjecture, for which we also discuss an amount of evidence, we explain the emergence of a multiplicity of extensions in a suitable regime of masses and we reproduce for the first time the previous partial constructions obtained by means of an alternative quadratic form approach.
Introduction
The so-called singular perturbations of the multi-variable Laplacian ∆ ≡ : these are restrictions of ∆ to smooth functions that are compactly supported away from the 'singular manifold' Γ C := (i,j)∈C Γ ij associated with a given collection C of couples (i, j) of distinct variables i, j ∈ {1, . . . , N }, where Γ ij := {x i = x j } denotes the coincidence hyperplane between variable x i and x j . In the applications the extension is taken in whole space H N or also, depending on the context, in a suitable Hilbert subspace of H N determined by the additional prescription of permutation symmetry or anti-symmetry on a sub-collections of variables.
In Quantum Mechanics singular perturbations of the (negative) Laplacian have the natural interpretation of quantum Hamiltonians for systems of particles subject to a twobody 'point ' (or 'contact ', or 'zero range') interaction between all pairs of the collection C , since each such extension acts by construction as the free Hamiltonian on wave-functions supported away from the considered coincidence hyperplanes. (The self-adjoint Laplacian is the trivial extension and describes a system of N non-interacting particles.)
In the concrete case N = 2, C = {(1, 2)}, singular perturbations model a two-body system with point interaction; equivalently, factoring out the centre of mass and working in the Hilbert space L 2 (R d , dx) of the relative variable x ≡ x 1 − x 2 , they describe the motion of one particle subject to a point interaction supported at the origin. It is wellknown [1] We are going to focus more concretely on the three-dimensional setting: d = 3. As opposite to N = 2, where upon separating the centre of mass the deficiency indices are (1, 1) , when N 3 the operator ∆| C ∞ 0 (R 3N \Γ C ) even after the separation of the centre of mass has infinite deficiency indices, and hence a much wider variety of extensions. Those of most stringent physical relevance are the singular perturbations of TerMartirosyan-Skornyakov type, named after the so-called Ter-Martirosyan-Skornyakov condition (known also as the Bethe-Peierls contact condition). Roughly speaking, this is an asymptotic condition that is required on the functions of the domain of the adjoint operator (∆| C ∞ 0 (R 3N \Γ C ) ) * when |x i − x j | → 0, for each pair (i, j) ∈ C of particles subject to a contact interaction, in order to be physically meaningful wave-functions and thus to constitute a domain of (essential) self-adjointness for certain extensions of ∆| C ∞ 0 (R 3N \Γ C ) . The form of the asymptotics is dictated by physical heuristics on the eigenvalue problem for the two-body Schrödinger equation at low energy and with a potential supported on a very short range, and it depends on one real parameter for each two-body channel with interaction, essentially the two-body scattering length in that channel.
We refer to our recent work [18] for a comprehensive discussion on point interactions realised as Ter-Martirosyan-Skornyakov Hamiltonians, including a survey of the previous vast literature. Intuitively, they are precisely those models that correspond to formal 
A well-known complication when N 3, and C contains at least two pairs (that is, there is a point interaction in at least two distinct two-body channels), is that the restriction of the domain of (∆| C ∞ 0 (R 3N \Γ C ) ) * to those functions that satisfy the "physical" Ter-Martirosyan-Skornyakov condition may actually select a symmetric extension of ∆| C ∞ 0 (R 3N \Γ C ) that is not essentially self-adjoint and in turn admits non-trivial selfadjoint extensions. (As stressed in [18] , when instead N = 2, then imposing a TerMartirosyan-Skornyakov condition does select a domain of self-adjointness.) This occurrence depends both on the partial permutation symmetry, of bosonic or fermionic type, which may be additionally required in the N -body Hilbert space, and on the mass parameters m 1 , . . . , m N entering the definition of the multi-particle free Hamiltonian −∆.
Thus, in certain regimes of masses and of symmetries the sole specification, through Ter-Martirosyan-Skornyakov asymptotics, of the two-body scattering length of each twobody channels where a contact interaction is present is not enough to identify unambiguously a well-posed multi-particle Hamiltonian, and a further prescription is needed.
This problem has been since long at the centre of many mathematical investigations, which we shall cite later in the course of our discussion, above all for systems of N = N 1 + N 2 particles, N 1 identical bosons or fermions of one type and N 2 identical bosons or fermions of another type, with two-body zero interactions of zero range.
Within this general framework, in this work we continue our analysis, started in [18] , of the prototypical 2 + 1 fermionic case, the system of two identical fermions coupled by a contact interaction with a third particle of different nature.
In [18] we surveyed the rich mathematical literature on this model and above all we proved all the rigorous steps through which a self-adjoint Hamiltonian of Ter-MartirosyanSkornyakov type can be constructed based on the self-adjoint extension scheme of Kreȋn, Višik, and Birman. We showed that those self-adjoint extensions of the 'away-fromhyperplanes' free Hamiltonian, whose domain consists of functions satisfying the TerMartirosyan-Skornyakov asymptotics, are in one-to-one correspondence with the selfadjoint extensions of an explicit auxiliary operator A λ,α acting on the Hilbert space H −1/2 (R 3 ) equipped with a twisted, but equivalent scalar product -the 'space of charges', following a successful nomenclature imported by an analogy with electrostatics [9] . (Here α ∈ R is the parameter imposed by the Ter-Martirosyan-Skornyakov asymptotics in each two-body channel and λ > 0 is a sufficiently large constant.) The identification of the correct auxiliary operator and of the correct space of charges was a fundamental point in our work [18] , as opposite to an unfortunate and long-lasting misinterpretation of the previous literature, where instead it was believed that the Ter-Martirosyan-Skornyakov extensions were parametrised by suitable (and extensively studied) self-adjoint operators on L 2 (R 3 ). In turn, once the appropriate A λ,α is identified, one can investigate the possible occurrence of a multiplicity of self-adjoint Ter-Martirosyan-Skornyakov Hamiltonians, which is in fact the main goal of the present work, and for each such realisations one can study stability and spectral properties -the stability of a distinguished realisation was recently proved in [6] , and later in [28] , through the associated quadratic form.
More in detail, here are the results of our investigation. Our first main result is to make the auxiliary operator A λ,α acting on the space of charges completely explicit, as compared to the somewhat implicit characterisation we gave in [18] .
We then make the structure of its self-adjoint extensions explicit, by combining symmetry arguments with general properties of the Kreȋn-Višik-Birman theory. We classify such extensions through an extension formula based on the Friedrichs extension of A λ,α (it too being now determined explicitly) and additional singular charges Ξ ∈ H −1/2 (R 3 ) that have angular symmetry ℓ 1 and satisfy
Motivated by formal results in the physical literature, and by the findings of an alternative mathematical approach through quadratic forms, we then formulate a conjecture on the fact that there are two universal masses m * * > m * > 0 such that, for m > m * (which is the threshold for stable interactions, see e.g. [6] ) the dimension of the space of solutions to (2) is always 0 when ℓ = 1, it is 0 when ℓ = 1 and m m * * , and it is instead 3 when ℓ = 1 and m * < m < m * * . As we will show, m * * represents the threshold mass above which one has a unique self-adjoint realisation of the Ter-Martirosyan-Skornyakov Hamiltonian with chosen mass m.
Our next result, assuming the validity of our conjecture, and based on the Kreȋn-Višik-Birman extension scheme, is to reconstruct completely and for the first time the whole family of self-adjoint Hamiltonians of Ter-Martirosyan-Skornyakov type for the 2+1 fermionic model. This provides a complete explanation of the emergence of a multiplicity of self-adjoint realisations.
We also show that through this operator-theoretic approach we reproduce previous partial constructions obtained by means of a quadratic form approach.
Remarkably, previous studies of the multiplicity of extensions, carried on with the same operator theoretic approach, had confused the correct space of charges and studied instead the solutions to (2) 
. This resulted in a threshold for the coexistence of a multiplicity of extensions which was lower than the value m * * identified in the quadratic form approach, in the physical literature, and in our conjecture.
It then remains to prove our conjecture, which we find a highly non-trivial task, as reasonable and consistent such a conjecture appears to be. This is a goal to which we aim to devote our next investigation.
Model set-up
After removing the centre of mass, the free Hamiltonian of a three-dimensional system of two identical fermions of unit mass in relative positions x 1 , x 2 with respect to a third H is densely defined, closed, positive, and symmetric on H. As such,H has equal deficiency indices (which are infinite, as stated in Proposition 1 below) and thus admits self-adjoint extensions, among which the Friedrichs extensionH F is nothing but the selfadjoint negative Laplacian on H with domain H ∩ H 2 (R 3 × R 3 , dx 1 dx 2 ). Any other selfadjoint extension ofH has a natural interpretation of Hamiltonian of point interaction between each fermion and the third particle.
The following facts are known concerning the adjoint ofH.
Proposition 1. ([18, Lemma 3 and Proposition
(i) One has
(ii) There exist constants c 1 , c 2 > 0 such that for a generic u ξ ∈ ker(H * + λ½) one has
(iii) The domain and the action of the adjoint ofH are given by
and
where u η and u ξ are defined as in (7) above, and
As a consequence, it can be shown that (almost) all functions in D(H * ) satisfy the following large-momentum asymptotics.
Proposition 2. ([18, Lemma 4].) Let g be an arbitrary function in
as a point-wise identity for almost every p 1 , where
and µ is given by (8) .
Remark 1. Clearly,
(in the sense that each quantity controls the other from above and from below), because µ ∈ (0, 2) (owing to (8) with m > 0) and λ > 0. Since, for arbitrary ε > 0 and
< +∞ (owing to a Schwartz inequality in the first step and (19) in the second one), we see that the integral in (16) is finite for any
, as the example ξ 0 (q) := 1 {|q| 2} (|q| ln |q|) −1 shows. A similar argument shows that the integral in (17) is finite too at least for
. Therefore, for a generic g ∈ D(H * ), and correspondingly for a generic charge ξ ∈ H − 1 2 (R 3 ), the quantity in the l.h.s. of (15) is infinite for every finite R because the quantity ( T λ ξ)(p) is in general infinite when
, with ε > 0, the r.h.s. of (15) is finite (for almost every p 1 ∈ R 3 ): this case corresponds to a dense set of g's in D(H * ), and for such g's the quantity in the l.h.s. of (15) is finite for finite R and only diverges, linearly in R, as R → +∞.
Each self-adjoint extension ofH is a self-adjoint restriction ofH * . By further imposing that in the asymptotics (15) the constant-in-R term be proportional to the coefficient of the linear-in-R term, one selects a special class of restrictions ofH * known as the TerMartirosyan-Skornyakov operators for this model. Explicitly, for α ∈ R ∪ {∞} one considers the subspace
that is, those g's whose charges η and ξ satisfy
and then one definesH
So far (20) and (21) are understood as point-wise identities. At least forH tms α operators defined by using sufficiently regular ξ's and η's it is not difficult to deduce from the general characterisation ofH * given in Proposition 1 that
that is, eachH tms α is a symmetric extension ofH.
The choice (20)- (21), customarily referred to as the Ter-Martirosyan-Skornyakov condition, has a great physical relevance. The formal counterpart of (20) in position coordinates reads
and the short-scale asymptotics (|x| −1 − (−α −1 ) −1 ) in the relative coordinate x is characteristic for wave-functions of a system of quantum particles subject to a two-body interaction of almost zero range and scattering length (−α) −1 , a fact observed first by Bethe and Peierls in 1935 [3, 4] (whence the name of Bethe-Peierls contact condition for the asymptotics (24)), and later exploited in momentum coordinates by Skornyakov and Ter-Martirosyan in 1956 [31] .
For this reason the interest towards point interaction Hamiltonians realised as selfadjoint extensions ofH is mainly focused on the physically relevant extensions of TMS type.
Self-adjoint extension scheme for TMS operators
The primary issue concerning 2+1 fermionic TMS operators is their self-adjoint realisation, since this allows one to set up a well-posed and physically relevant model of point interaction for the 2+1 fermionic system.
In fact, as indicated in (23), for given α the TMS condition selects a priori only a symmetric extensionH tms α of the away-from-hyperplanes free HamiltonianH. For which values of the mass parameter m isH tms α indeed self-adjoint or does it admit in turn selfadjoint extensions is the object of an active research activity for general N + M fermionic models of point interactions.
Owing to the special structure of TMS operators, and ultimately to the positivity of the initial operatorH, the issue of their self-adjointness is conveniently addressed to within the so-called Kreȋn-Višik-Birman self-adjoint extension scheme for semi-bounded symmetric operators, a theory developed by Kreȋn [14] , Višik [33] , and Birman [5] between the mid 1940's and the mid 1950's. For the present purposes we refer to the comprehensive discussion [17] , as well as to the expository works [11, 2] .
The key point from the Kreȋn-Višik-Birman theory is that the whole family of selfadjoint extensions ofH is one-to-one with self-adjoint operators on Hilbert subspaces of ker(H * + λ½), through an explicit, constructive correspondence between operators of the two classes. The goal is therefore to recognise the TMS condition (21) as a self-adjointness condition for a suitable operator on ker(H * + λ½). To this aim, the first step is to qualify the two maps ξ → T λ ξ and η → W λ η defined in (16) - (17) between convenient functional spaces. One has the following. 
, and for generic u ξ , u η ∈ ker(H * + λ½) one has
(ii) For each s 1 the expression (16) defines a densely defined and symmetric operator
(iv) T λ commutes with the rotations in R 3 and it is reduced with respect to the canonical decomposition 
In terms of the notation of (26)- (27) - (28), one has
2 ), whereas
that is,
Owing to Proposition 3, 
is an isomorphism between Hilbert spaces, with ker(H * +λ½) equipped with the standard scalar product inherited from H.
One can therefore equivalently parametrise the self-adjoint extensions ofH in terms of self-adjoint operators acting on Hilbert subspaces of ker(H * + λ½) or of its unitarily
For our purposes, the relevant class of self-adjoint operators on H
here are those of the form A λ,α indicated in the Proposition 4 below, and the reason of their relevance will be explained in the discussion that will follow right after.
Proposition 4. ([18, Proposition 5].)
The following data be given:
• two constants λ > 0 and α ∈ R,
• for each integer ℓ 1, the densely defined and symmetric operator T
that is self-adjoint on the Hilbert space H
) (a datum that will be further specified at a later stage).
With respect to the decomposition (see Remark 2 below)
where
Then A λ,α is a densely defined and symmetric operator on H
(where U λ is the isomorphism (33) ) is a self-adjoint operator on ker(H * + λ½).
Remark 2. With a slight abuse of notation, we use in (34) above, and in analogous formulas throughout, the same symbol of direct orthogonal sum without distinguishing between the usual Hilbert scalar product in H −1/2 (R 3 ) and the twisted scalar product
. This is harmless because, owing to the definition (32) for ·, · W λ and the rotational symmetry of W λ defined in (17) , elements belonging to subspaces of different symmetry ℓ are orthogonal in either scalar product. cannot pull arbitrary functions T λ ξ back to H −1/2 (R 3 ). To our understanding, this simple fact had been overlooked in all the previous operator-theoretic approaches to the 2+1 fermionic model of TMS type [27, 15, 16, 30, 20, 21, 22, 24, 23 ] until when we pointed it out in [18] . We shall characterise A λ,α on the sector ℓ = 0 in Section 5.
The relevance, for the self-adjointness problem of TMS operators, of self-adjoint operators of the form A λ,α on H 
,
(Thus, H α is a maximally defined extension in the sense that its extension parameter A λ,α is densely defined on the deficiency space ker(H * + λ½); there are also self-adjoint extensions ofH whose extension parameter is self-adjoint on a closed proper subspace of ker(H * + λ½), however such extensions do not find room in the present discussion, as they are not of TMS type.)
Direct comparison between (38) and (11) shows that D(H α ) is obtained as a restriction D(H * ) by imposing the condition
as an identity in ker(H * + λ½), which, by the unitary equivalence (37), is tantamount as
as an identity in H
λ,α ) (we make this choice here only for presentational purposes: in Sections 6. and 7. we shall release this restriction), then (40) reads
, owing to the definition (36). Plugging (41) into (15) yields the following asymptotics for elements in D(H α ) as R → ∞:
Let us summarise the above discussion as follows.
Proposition 5. (i) Any of the two equivalent conditions (39), (40) is a condition of self-adjointness for restrictions ofH * (ii) Each such condition selects the self-adjoint extension
given by the restriction ofH * to those elements of D(H * ) whose charges ξ and η, in terms of the decomposition (11) , instead of belonging generically to H −1/2 (R 3 ) are such that ξ belongs to the domain of A λ,α and η is of the form A λ,α ξ.
, satisfies the TMS asymptotics (20).
Informally speaking: each self-adjoint extension H α ofH is, on each sector of charges with symmetry ℓ 1, a Ter-Martirosyan-Skornyakov operator. (We shall supplement this picture in Sections 6. and 7. also with the case ℓ = 0.) In this sense
Moreover, it is established that the issue of the self-adjoint realisation of TMS Hamiltonians on the physical Hilbert space H is tantamount as the self-adjoint realisation of the auxiliary operator A λ,α on the Hilbert space of charges
Remark 4. The intuition of re-phrasing the self-adjointness problem of TMS Hamiltonians in terms of the self-adjointness of an auxiliary operator acting on a smaller Hilbert space -the 'space of charges', in the spirit of the extension theory of Kreȋn, Višik, and Birman -is originally due to Minlos and Faddeev in a seminal short announcement published in 1962 [25] . However, from the very beginning an unfortunate and long-lasting misinterpretation established, as it was thought that the self-adjointness problem for what we denoted here with A λ,α on H
. Not only must this statement be well formulated in each symmetry sector, but most importantly the two problems are not the same even when full care is taken of the symmetry. Indeed, as proved in [18, Remark 10] , if in addition to the assumptions of Proposition 4 above one assumes also that the T (ℓ)
λ 's for ℓ 1 are defined on a larger domain so as to become self-adjoint in L 2 ℓ (R 3 ), then for the densely defined and symmetric operator A
). However, this is not enough to claim that the self-adjointness of T
λ,α : the latter could still have (and in general it does have) a larger adjoint and thus admit non-trivial self-adjoint extensions. To our understanding this point was systematically missed in the very work of Minlos and Faddeev (see the statement in [25] right after equation (19) therein, where the analogue of our A λ,α is introduced), in the 1987 seminal work of Minlos on the threeparticle system [19] , and throughout the subsequent literature on the operator-theoretic approach to the 2+1 fermionic model of TMS type [27, 15, 16, 30, 20, 21, 22, 24, 23] . The discrepancy between the self-adjointness problem of T λ on L 2 (R 3 ) and ofH tms α on H was proved in a sharp quantitative manner for the first time in 2015 in the work [6] by one of us in collaboration with Correggi, Finco, Dell'Antonio, and Teta, using quadratic form methods and working in the case α = 0. Then, in our recent work [18] we have finally provided a consistent explanation of the difference between such two problems using the extension theory in the operator-theoretic language.
4. Extension scheme for the auxiliary A λ,α : case ℓ 1 It follows from Propositions 3 and 4 that the self-adjointness problem of the operator A λ,α defined in (35) and of its self-adjoint extensions on the space of charges H
is separated (reduced) for each value of the angular momentum ℓ ∈ N 0 . Indeed, we have the following decomposition of H
where each H
is the sector of ℓ-th angular symmetry of H −1/2 (R 3 ), equipped with the scalar product ·, · W λ (32), and it is a reducing subspace for A λ,α .
In this Section we discuss the self-adjointness problem of A 
a positive, smooth, monotone decreasing function often also referred to as the Efimov transcendental function. We see that, thanks to this choice, A
λ,α is strictly positive. 
, owing to (30) and (36) one has
In [6, Proposition 3.1] it was proved that
Therefore, recalling that Λ(m)
The constant in the r.h.s. above is strictly positive when α 0 and λ > 0, or also when α < 0 provided that λ is large enough. Since (Proposition 1(ii))
, the conclusion then follows.
As such, A 
Proof. We start with the quadratic form associated with A 
(It was crucial here to have taken λ large enough so as to make the bottom of A [6] ). This yields the first identity in (48). Moreover (see, e.g., [17 
-norm, namely the H 1/2 -norm. Using again the norm equivalence proved in [6, Eq.(3.52)], one can pass to the limit inside the scalar product, thus obtaining the second identity in (48). Also the symmetry property
is retained in the limit, whence indeed A
λ,α is then derived by its quadratic form in the usual manner. Its domain is the space
and its action is then given by A
, and W λ is a bijection H
λ + α½)ξ, which proves (47).
Next we characterise the crucial space ker(A 
, and then also point-wise almost everywhere
where in the second step we used (36), in the third step we used the strong continuity in the first entry of the dual product, in the fifth step we used the symmetry of the operator
, and in the last two steps we used the fact that T
). Therefore, by duality, (T
, and (49) follows.
Remark 5. In the above proof, the finiteness of both the double integrals R 3 dp Ξ(p)
is a consequence of the properties of T λ when ℓ 1 (the bound (30) of Proposition 3(v)), whereas each of them would diverge for generic ξ or
. The exchange of the order of integration did only take place at the level of suitably regular approximants of Ξ and sufficiently regular ξ, which is the (Fubini-based) argument by which T (ℓ) λ was proved to be symmetric on a regular enough dense of L 2 (R 3 ). In turn, the approximation was controlled by means of the H
λ , for which ℓ 1 is crucial.
We have thus established that ker(A
⋆ consists of all those Ξ's that are distributional solutions to
(in this context it is obviously of no relevance to distinguish between H
Remark 6. Combining (47) and (50) we see that in the decomposition
λ + α½) Ξ = 0. We may summarise all this by saying that
as a distributional operator.
Remark 7. At this point it is worth remarking once more the difference between the present rigorous application of the formalism and of the extension theory, and what was done instead in the previous literature. Since we are after ker(A λ itself. In those works, therefore, the problem that is considered is the distributional solutions to
The problems (50) and (52) have the very same distributional formulation, however the unknown is set on different spaces. It is no surprise, then, that the dimension of the space of solutions to each such problem depends on the mass parameter m in a different manner.
In the equation (49), or also (50), at fixed ℓ there is at least a natural (2ℓ + 1)-degeneracy, labelled by the 'magnetic' quantum number n ∈ {−ℓ, . . . , ℓ}. Indeed, T (ℓ) ℓ is spherically symmetric and we recall from (28) that
, then Ξ n * is a solution to (49) for some n * ∈ {−ℓ, . . . , ℓ} if and only if Ξ n is a solution of all other n ∈ {−ℓ, . . . , ℓ}.
We are now in the condition of stating our main conjecture. 
with the following property:
• if m ∈ (m * , m * * ) and ℓ = 1, then equation (49) has a unique non-zero solution in 
We shall discuss the evidence and the motivation for our conjecture later in Section 9. In the remaining part of this Section let us examine how the self-adjoint extension scheme for A Case m ∈ (m * , m * * ) and ℓ = 1.
λ,α has deficiency index equal to 3 and its self-adjoint extensions on H
are one-to-one with self-adjoint operators acting on Hilbert subspaces of ker(A
Since the Friedrichs extension A 
. We denote by Ξ 1,n , n ∈ {−1, 0, 1}, the unique (up to multiples) solution to equation (49) with angular symmetry (ℓ = 1, n). Clearly, the Ξ 1,n 's span ker(A 
λ,α is a three-real-parameter family of operators
plus a 'singular' component
In particular, ξ reg has the following properties:
The quadratic form of each such extension is given by
Proof. The three-parameter nature of the family (55) for m ∈ (m * , m * * ) is an immediate consequence of the dimensionality of ker(A
λ,α ) ⋆ , and (56) is then the explicit Kreȋn-Višik-Birman extension formula applied to this case (we refer to [17, Theorem 3.4], for concreteness). By construction the vector in (57) belongs to the domain of the Friedrichs extension A (1),F λ,α , thus the first two properties of (58) follow at once from (47). Moreover,
where we used (47) in the first step, (57) in the second, (56) in the third, and the W λ -orthogonality of the Ξ 1,a 's, together with (A (1) λ,α ) ⋆ Ξ 1,a = 0, in the fourth. This yields the last property of (58). Next to the classification (56), the Kreȋn-Višik-Birman theory provides also a convenient parametrisation of the self-adjoint extensions of A 
Owing to (48), this reads precisely as (59).
Having conjectured that ker(D(A
λ,α )) ⋆ is finite-dimensional, necessarily each A 
The peculiarity of the sector ℓ = 0 is that the bound (30), namely the H 3/2
λ , is lost, and in fact on the opposite (31) holds, which makes the composition W 
Proof. The density of
is obvious, and the boundedness from below of q with strictly positive bottom follows by precisely the same argument used in the proof of Proposition 6: in fact, the bound (46) was proved in [6 
The operator domain and the operator action (62) are deduced from the form domain and the form action (61) exactly the same way we derived (47) from (48) in the proof of Proposition 47: one can indeed repeat verbatim the same argument, for there was nothing constraining that part of the proof of Proposition 47 to non-zero ℓ's.
Reconstruction of the self-adjoint TMS Hamiltonians
We analyse in this Section the explicit structure of the self-adjoint extensions ofH of the classH α given by (38) , that is, those extensions of TMS type. We show that, following our main conjecture stated in Section 4., we retrieve precisely the family of TMS self-adjoint Hamiltonians derived in the physical literature, consistently also with previous partial attempts in the mathematical literature developed in the language of the quadratic forms.
In this Section too we assume m > m * and, for arbitrary α, we assume λ to be large enough, in the sense of Propositions 6 and 8.
In view of the discussion of Sections 3. and 4. above, we are led to consider the self-adjoint extensionsH [β] α , β ∈ R 3 , whose extension parameter on the space of charges H
It is understood, in view of our main conjecture, that on the ℓ = 1 sector there is a multiplicity of choices β ∈ (−∞, +∞] 3 only in the regime m ∈ (m * , m * * ), whereas for m m * * the only choice (β = ∞) is operator closure of A (1) λ,α , namely its unique selfadjoint realisation. Moreover, due to our conjecture, on the ℓ 2 sectors the operator closure of A (ℓ) λ,α is its unique self-adjoint extension. On the ℓ = 0 sector A (ℓ=0) λ,α is by construction already self-adjoint.
We observe that {A λ,α , the Kreȋn-Višik-Birman theory associates a Hamiltonian H
, which is a self-adjoint extension of the initial operatorH and is given by the extension formula (see (38) and (43) above)
The Kreȋn-Višik-Birman theory provides another extension formula (see, e.g., [17, Theorem 3.4] ) that gives the quadratic form of H [β] α . We find:
(65)
Recall that U λ : ker(H * + λ½)
is the unitary isomorphism (33), thus
λ,α U λ is the self-adjoint operator on the Hilbert space ker(H * + λ½) which is unitarily equivalent to A
[β]
λ,α , and (U
is thus guaranteed by the Kreȋn-Višik-Birman extension theory, we want now to make the structure of H
[β]
α explicit both in the operator and in the quadratic form sense, and we want also to discuss the TMS nature of each such extension.
The results are cast in the following two Theorems.
Theorem 11. With the notation and under the assumptions stated above in this Section, the operator domain of the self-adjoint extension H [β]
α is the space
and the action of
The three functions α is given by
(69)
The three functions Before discussing the proofs, let us emphasize that Theorems 11 and 12 above are explicitly formulated so as to present the structure of H α is a self-adjoint extension of the "awayfrom-hyperplanes" free HamiltonianH in the sense of (66), and that it supports a TerMartirosyan-Skornyakov condition in its domain, is due to a work of Finco and Teta [10] and a subsequent work of one of us in collaboration with Correggi, Dell'Antonio, Finco, and Teta [6] , both from 2012, relative only to the case β = ∞ of the present notation. With reference to (67) and (69) above, this was precisely the operator
In both works [10, 6] the approach was through quadratic form theory, thus first it was proved that the form H α [ · ] is closed and semi-bounded on H and then the corresponding self-adjoint operator was derived and (66) proved. For a convenient comparison, our ubiquitous expression T λ + α½ is denoted by Γ γ α in [6] , and what we denote here by ξ, (T 
, it is clear that (bc1) is an identity among H 1 2 -functions: our present formulation (67) does not involve the unnecessary space L 2 (R 3 ) and formulates the constraint on ξ already in the form (
As mentioned already (see Remark 7 above), the possibility of the existence of selfadjoint extensions ofH of TMS type, other than H α , was known since long and investigated in several studies, however, the precise role of the space of charges in the extension scheme was missed. Only in a recent work of one of us in collaboration with Correggi, Dell'Antonio, Finco, and Teta [7] , again through a quadratic form approach, a substantial progress was finally made by characterising the family of extensions of the form H [7] to use homogeneous Sobolev spaces, which essentially corresponds to sending λ → 0 in our formulas.
In the remaining part of this Section we shall prove Theorems 11 and 12, whereas in the next Section we discuss the occurrence of the Ter-Martirosyan-Skornyakov asymptotics.
It is convenient to prove first the characterisation of the quadratic form of H
α .
Proof of Theorem 12. Formula (65) indicates that g ∈ D[H [β]
α ] is of the form g = F + u ξ where (48) and (61)), and (59)). This proves the expression
α ] given in (69). Formula (65) also indicates that (H
for ℓ = 1 (owing to (48) and (61)), whereas ξ (ℓ=1) = ξ (ℓ=1) reg
This proves the expression of H
We pass now to the proof of the characterisation of the operator H
Proof of Theorem 11. In view of formula (64), each g ∈ D(H [β]
α ) decomposes as g = F + u ξ where
α + λ½ acts on g asH + λ½, formula (68) follows at once.
Because of (63
, whereas, for ℓ = 1,
) and hence (owing to (47) again)
reg , the decomposition of the charge ξ stated in the first part of formula (67) is proved.
We pass now to the proof of the two boundary conditions (bc1) and (bc2) of (67).
α ] . The identity above must be true in particular for all g ′ in the form domain (69) of the form
, namely, those functions g ′ of the form domain with only regular charges. With this choice, and decomposing
(where it was crucial that the charge ξ ′ has no singular part), whereas (68) yields
Observe also that p 2 ) dp 1 dp 2 = 2
, owing to a standard trace theorem, e.g., [32, Lemma 16 
which by density gives condition (bc1) as an identity in
α ) has a (non-zero) component with symmetry ℓ = 1, say,
reg + 1 n=−1 q n Ξ 1,n , it was already established in (58) that the regular part ξ
reg of ξ (1) satisfies the condition (bc2). Therefore, for a generic charge ξ = ξ reg
reg , by orthogonality one has
reg (p) dp
which completes the proof of (bc2).
Emergence of the Ter-Martirosyan-Skornyakov asymptotics
In this Section we elaborate on the emergence of the Ter-Martirosyan-Skornyakov asymptotics for functions g ∈ D(H [β] α ). In fact, the boundary condition (bc1) in (67) is a TMS condition. For the precise meaning of that, we need to recall the following simple facts. λ,α ξ defined by the decompositions (67) and (11) of g, satisfy
, and
Proof. In fact, we know already (72) from (47) and (57), because on each ℓ-th sector A
λ + α½) ξ reg , but we can also argue as follows. From
F (p 1 , p 2 ) dp 2 = |p2|<R g(p 1 , p 2 ) dp 2 − |p2|<R u ξ (p 1 , p 2 ) dp 2 , and from (15) , the proof of which includes also the asymptotics for u ξ (see [18, Lemma 4] ), one has |p2|<R g(p 1 , p 2 ) dp 2 = 4π ξ(
as R → +∞, which gives (70). Combining (70) with (bc1) in (67) yields (71). Last, (72) follows because η = A [β] λ,α ξ and W λ is a bijection H
λ,α ξ given by (72) into (15) gives
For those g's in D(H
α ) whose charge ξ has only regular part the asymptotics take the genuine TMS form |p2|<R g(p 1 , p 2 ) dp 2 = (4πR + α) ξ reg (p 1 ) + o(1) as R → +∞ .
In (74) the point-wise approximation of the function |p2|<R g(p 1 , p 2 ) dp 2 is given by a H 1 2 -function (because so is ξ reg ); in (73), due to the possible presence of more singular charges in ξ = ξ reg + 1 n=−1 q n Ξ 1,n , the point-wise approximating function for |p2|<R g(p 1 , p 2 ) dp 2 is in turn less regular.
Thus, the Hamiltonian H α ≡ H
[β=∞] α discussed in Section 6. and in the works [10, 6] has a genuine TMS condition for the functions of its domain, whereas for the Hamiltonians
α , due to the occurrence of more singular charges, the TMS condition survives only for sufficiently regular elements of the domain.
Multiplicity of extensions and three-body boundary condition
In this Section we discuss the interpretation of the boundary condition (bc2) in (67), that is, the condition that qualifies the link between the regular and the singular part of the charge associated with an element in the domain of the self-adjoint Hamiltonian H [β] α , provided of course that the charge has a non-zero component in the sector of symmetry ℓ = 1.
In fact, (bc2) has eventually a natural interpretation of additional three-body boundary condition (besides the two-body Ter-Martirosyan-Skornyakov boundary condition at the coincidence hyperplanes).
The circumstance that for three-body models with point interaction there is a regime of the mass parameter (m ∈ (m * , m * * ) in our notation for the present (2+1)-fermionic model) in which the Hamiltonian is not fully qualified by the sole specification of a boundary condition of TMS type, when two particles come on top of each other, and instead one needs to fix a further three-body parameter for an unambiguous realisation of the Hamiltonian, emerged quite immediately in the study of point interactions, even at a non-rigorous level. Indeed, right after Skornyakov and Ter-Martirosyan had defined their (formal) three-body model for identical bosons [31] , it was noted by Danilov [8] that the equation for eigenvalues has a non-physical (today we would say: incompatible with selfadjointness) continuum of negative solutions. To resolve such a continuum, an additional constraint was prescribed, in the form of a real constant of proportionality between the coefficients of the two leading singularities of the corresponding eigenfunctions (see, e.g., [26, Eq. (3) ]), thus resulting in a discrete spectrum for each value of the additional parameter. This real constant was given in some vague sense the meaning of a threebody parameter, and it was indeed its emergence to motivate the subsequent first attempt of Minlos and Faddeev [25, 26] for a rigorous explanation in terms of a one-parameter family of self-adjoint realisations of the formal Hamiltonian, a picture in which Danilov's parameter is seen on the same footing as our β in (67).
In the present setting, the role of β ≡ (β −1 , β 0 , β 1 ), β j ∈ R∪{∞}, as a parametrisation of each self-adjoint extension H [β] α was rigorously established within the Kreȋn-Višik-Birman extension theory. We want now to comment about its interpretation as the parameter for a three-body condition.
α ) let assume non-restrictively that the corresponding charge ξ in (67) belongs entirely to the sector of symmetry ℓ = 1. First we observe that if we write (from (56))
sing :
then the boundary condition (bc2) in (67) is only effective as a constraint between ξ (β) 2
and ξ sing , and insensitive to ξ 1 , for
Thus, (bc2) is equivalent to
In ( represent, respectively, the leading and the next-to-leading singularity in the charge ξ, and the parameter β in (bc2)
′ prescribes a constraint between such singularities, equivalent to the β-dependent constraint between ξ sing and ξ
given by (75). It can be argued (it is part of our main conjecture and we shall elaborate more on that in Section 9.) that the singularity in ξ sing has (radially) the form
for some mass-dependent exponent s(m) ∈ (0, 1) -observe that s(m) < 1 ensures that
, as it has to be because ξ sing ∈ ker(A 
Summarising, we do expect for the charge ξ the asymptotics (see, e.g., [7, Eq. (2.17) ]
for some coefficients A n ∈ C, where the condition (bc2) ′ is implemented via its equivalent form ξ
n=−1 β n q n Ξ 1,n , in view of (75), (77), and (78) above. In turn, the singularity in ξ determines the singularity of the function g ∈ D(H [β] α ), more precisely of its singular (i.e., non-H 2 ) component u ξ , by means of definition (7). The correspondence ξ → u ξ is linear, thus resulting in a term-by-term counterpart of the asymptotics (79) for u ξ (p 1 , p 2 ) as |p 1 |, |p 2 | → ∞. For a cleaner inspection of the latter, it is convenient to consider the function u ′ ξ corresponding to a homogeneous version of u ξ , defined by
which is tantamount as subtracting a very regular function from u ξ . Now formulas (79) and (80) 
(here x j ∈ R 3 , | x j | = 1, j = 1, 2). Formula (81) expresses an asymptotics at the triple coincidence point. Thus, the boundary condition (bc2) in (67) translates into the precise β-dependent asymptotics (81) that prescribes the proportionality relation between the constants of the leading and of the next-to-leading singularity of the three-body wave function when all three particles come on top of each other in a collapse onto the centre of mass.
Also, the explicit form of (81) matches precisely the analogous findings in the physical literature -see, e.g., [34, note 43] , and more recently [12, 13] .
In conclusion: assigning solely the two-body (|x j | −1 + α)-singularity (as |x j | → 0) at the contact between two particles is not enough in general to qualify a domain of selfadjointness: for m ∈ (m * , m * * ), next to the two-body parameter α (scattering length), an additional parameter β ∈ R ∪ {∞} need be specified, which regulates the three-body singularity at the simultaneous spatial coincidence of all three particles in terms of the asymptotics (81).
Mass thresholds and evidence of our conjecture
In this Section we discuss an amount of stringent evidence corroborating our main conjecture and the origin of the mass threshold m * * . Some of the following considerations originate in fact from the analysis of the previous literature, but only after having developed here the correct extension framework a la Kreȋn, Višik, and Birman can we finally formulate the appropriate arguments.
In a series of recent notable works [22, 24, 23] , Minlos established a result that is particularly relevant for the present discussion: we re-phrase it here within our current notation and together with an auxiliary clarifying result found in [7] . 
in polar coordinates p ≡ |p|Ω p .
Given now α ∈ R, and taking λ large enough (depending on α), the operator T 
(see (52) 
, which are in turn parametrised by self-adjoint operators on
(see (50)). Thus, at least for m < m * * m , and possibly up to a larger threshold than Minlos's m * * m , the equation (86) must have a space of solutions of dimension three or larger. This is the initial motivation for our conjecture: the possibility of a wider (than Minlos's) range of masses for the multiplicity of self-adjoint TMS operators. By analogy, it would then be plausible to expect that (86) has non-trivial solutions, with the same singularity |p| −2+s(m) as |p| → +∞, on the whole range of mass m for which the corresponding s(m) makes the singularity |p| −2+s(m) a H − 1 2 -singularity. The latter range of masses is exactly (m * , m * * ). In fact, one is driven to such a conclusion not only by mere analogy. If one applies T 
for some K > 0, s ∈ (0, 1), and n ∈ {−1, 0, 1}, and one splits (T λ=0 Ξ = 0, that is, the highest singularity must be cancelled. Observe that the latter must be a large momentum cancellation, independent of the cut-off |p| K that we imposed on Ξ at small |p|: indeed, similarly to the shift λ > 0 needed for the direct application of the Kreȋn-Višik-Birman extension formulas, we only cut |p| K so as to guarantee Ξ not to be out of H − 1 2 (R 3 ) at p = 0, but we could have chosen as well to base our discussion on weak Sobolev spaces, in analogy of what recently done in [7] where the quadratic form for the (2+1)-fermionic model was studied by means of homogeneous Sobolev spaces. Thus, we do expect to infer relevant information also when K → 0. Explicitly, T A further consistency argument is provided by the fact that in the physical literature it is well known that the Ter-Martirosyan-Skornyakov Hamiltonian, defined via nonrigorous reasoning and physical heuristics, is unambiguous only upon the specification of a further 'three-body parameter', needed precisely in the range (m * , m * * ), and not only in the smaller range (m * , m * * m ) found by Minlos. In fact, the explicit singularity |p| −2+s(m) of the charges results, via the argument presented in Section 8., in a threebody asymptotics at the triple coincidence point that is precisely of the same form found in the physical literature.
A Boundedness properties of T (ℓ) λ for ℓ 1
In this Appendix we prove the bound (30) 2 ) for any ℓ 0, as well as the case s = 3 2 for ℓ 1 are already covered in [18] , as we quoted in the statement of Proposition 3. Thus, we only need to include the case s = − 1 2 , ℓ = 1: we prove it here for completeness, because in [18] precisely this case was not worked out explicitly.
To this aim, mimicking the proof of [18, Proposition 4], we observe that the integral operator appearing in the l.h.s. of (88) acts non-trivially only on the radial part of ξ, and precisely as (Q 
is the ℓ-th Legendre polynomial. Thus, proving (88) is equivalent to proving
which is in turn equivalent, setting h(r) := rf (r)(1 + r 2 ) Since |y| 1, analogously to (19) (r 2 + r ′2 + µrr ′ y + λ) ∼ (r (1 + r 2 ) (r 2 + r ′2 + 1) ℓ+1 dr
and from λ h 2 h 2 , thus concluding the proof.
